The magnetorheological (MR) damper is considered to be one of the most promising semi-active control devices for reduction of structural vibration. Due to the damper's nonlinear characteristic, its inverse dynamics model is difficult to obtain. In this paper, a simplified approach, namely the Simplified Inverse Dynamics (SID) model, has been developed for both the Bingham plasticity model and the Bouc-Wen hysteresis model. SID models have then been used to calculate the optimal fluid yield stress or input current, in order to realize the desirable control forces obtained from various optimal control algorithms. 
Introduction
Semi-active structural control [1, 2] has received considerable attention in recent years because it offers the adaptability of active control devices without requiring the associated large power sources, while potentially it also offers the reliability of passive devices. Semi-active control devices are defined as having properties that can be dynamically varied to optimally reduce the responses of a structural system, without increasing the mechanical energy in both the structure and the device. In contrast to fully active systems, semi-active control devices do not have the potential to destabilize the structural system.
Examples of such devices include electrorheological (ER) [3, 4] and magnetorheological (MR) fluid dampers [5] [6] [7] , variable orifice dampers [8] , along with variable stiffness devices [9] . Amongst all these dampers, the use of MR fluid dampers is particularly attractive, in terms of simplicity of application, as well as their reliability and robustness.
MR dampers usually consist of a hydraulic cylinder containing micron-sized magnetically polarizable particles suspended within a fluid. The essential characteristic of MR fluids is their ability to reversibly change from free flowing, linear viscous liquids to semi-solids having a controllable yield strength in milliseconds, when exposed to a magnetic field. They are capable of generating large resisting forces, offer highly reliable operation at a modest cost, and require very little power.
In the field of civil engineering, extensive research on MR fluid dampers has been conducted since mid-1990s. The results of various experimental and analytical studies [5, 6] have indicated that these devices are very promising for civil engineering applications. Large-scale MR damper has firstly been developed at the University of Notre Dame (later transferred to the University of Illinois at Urbana-Champaign in 2002) and they demonstrated that these devices are capable of providing the resisting forces required in large-scale structural control applications [10, 11] . Full-scale application was subsequently introduced to structures in 2001 for reducing wind and seismic responses. One successful case is its application in the cable-stayed bridge crossing the Dongting Lake where it meets the Yangtze River in southern central China [12] . A total of 312 MR fluid dampers have been installed on 156 stayed cables to suppress wind-rain-induced cable vibration. A comprehensive state-of-the-art literature review of the development of MR fluid dampers in civil engineering application can be found in Ref. [7] .
With the input of structural responses, various control algorithms [13] have been developed to achieve the optimal damper forces. As the ideal semi-active device can only produce a dissipative control force, in addition to the intrinsically nonlinear and changeable damping nature of MR dampers, development of control strategies that are practical to implement and that can fully utilize the semi-active capabilities of these devices is particularly important. Examples of such control strategies [14] are the bang-bang controller, the clipped-optimal controller and the Lyanpunov controller.
Chang and Zhou [15] successfully tackled this problem by employing a neural network (NN) emulation of inverse dynamics in the realization of the optimal control force. Recurrent NN models were constructed based on a few previous time steps of displacement, damper force, voltage signal, and the optimal damper force. It was shown to be beneficial and essential to develop an inverse dynamics model to obtain the required input voltage or current for the MR damper to produce forces as close as possible to the optimal ones. Yet, it seems that generally this inverse dynamics model using NN may be too complicated and difficult to implement.
In this study, a simplified approach, namely the Simplified Inverse Dynamics (SID) model, has been developed in Section 2, for both the Bingham plasticity model and the Bouc-Wen hysteresis model. SID models are employed to obtain the optimal input current for the MR fluid damper, in order to emulate the optimal force. For each model, a piston velocity feedback (PVF) algorithm and a damper force feedback (DFF) algorithm have been formulated. The proposed model has been shown to be applicable to both small-scale and large-scale MR dampers. Also, different configurations of MR dampers, such as, different dimension, coil resistance, type of MR fluid, have been employed to show the generic nature of SID model. The effectiveness of force tracking using SID model has been demonstrated through a series of numerical simulations. A multi-storey frame structure with MR damper-brace systems [16] , as illustrated in Section 3, excited by 1940 El Centro and 1994 Northridge earthquake ground motions, has been adopted. Linear quadratic regulator (LQR) has been employed to obtain the optimal damper forces, which has been introduced in Section 4. Also, accuracy of force tracking for different shaking levels and frequency contents of ground motions has been demonstrated in Section 5.
Simplified Inverse Dynamics (SID) Model

MR Damper Constraints
The SID model has been designed for semi-active MR fluid dampers, with the purpose of changing their dynamic characteristics in real time to provide a range of dissipative control forces. The optimal control force can be obtained by various control algorithms, such as the Linear Quadratic Regulator (LQR), the Linear Quadratic Gaussian (LQG), the Instantaneous Optimal Prediction Control, and so forth [13] .
Basically, there is no restriction on what type of control algorithm should be used. But, there are two intrinsic constraints due to the characteristics of the MR dampers, namely, the passivity constraint and the limitation constraint.
Passivity Constraint
In active control, forces can be produced in any of the four quadrants in the force-velocity graph, while semi-active devices can only produce forces in the first and third quadrants (Figure 1a) , at which the forces are dissipative, given as 
Limitation Constraint
In addition to the passivity constraint, there is an upper and lower limit on the force that the MR damper can produce, which is dependent on the motion of the piston, i.e. are, respectively, the magnitude of the maximum and minimum damper forces that can be achieved at time t (Figure 1b) , which are controlled by the piston velocity v 0 (t) at time
t.
Based on the two constraints above, if
is realizable by the MR damper, implying that it satisfies both Equations (2) and (3), the SID model may be employed to obtain the optimal input current or voltage and produce the desirable damper force. Otherwise, the input voltage or current should be set at either zero or the maximum achievable level.
Bingham Plasticity Model
A simple Bingham plasticity model is effective in describing the essential field-dependent fluid characteristic. Phillips [17] derived a quintic equation, which can govern the pressure gradient in the flow of a Bingham fluid. Gavin et al. [3, 4] extended the idea, based on the simple parallel-plate model, for describing the force-velocity behaviour of cylinder ER dampers. Various researchers [16, 18] have successfully employed this simple, yet sufficiently accurate, model to investigate the possibility of using MR dampers for civil engineering applications.
Based on the parallel-plate model further developed by Spencer et al. [10] , the total damper force F may be decomposed into a controllable force τ F due to controllable yield stress 0 τ and an uncontrollable force uc F . The uncontrollable force includes two parts, a viscous force η F and a 7 constant friction force f F . Therefore, the total damper force may be expressed by Equation (4) 
where L is the effective axial pole length, A p is the cross sectional area of the piston, w is the width of the rectangular plate, h is the gap width between two parallel plates, η is the Newtonian viscosity and 0 τ is the fluid yield stress. 
Piston Velocity Feedback (PVF) Algorithm
The above SID model may be used to obtain the desired ) ( 0 t τ , and hence, the optimal damper force ) (t F Optimal may be realized. To achieve this, an extra velocity sensor for the damper is required.
However, due to reasons such as cost effectiveness and installation difficulties, the velocity sensor may not be readily available. Hence, a further algorithm has been developed in the next section in order to overcome this limitation. 
Damper Force Feedback (DFF) Algorithm
It is noted that time-continuity property of ) (t c has also been employed in Equation (12b).
Substituting Equation (13) (14) For practical applications, the input parameter for the dampers should be either the voltage or the current.
Yang [19] has showed that there are specific relationships between fluid yield stress and current for different configurations of MR fluid dampers, which can be explicitly established. It is observed that the fluid yield stress can be modelled by an exponential function [Equation (15)]. The comparison between the proposed model and the experimental results [19] has been shown in Figures 2(a) and 2(b).
where k 1 , k 2 and k 3 are constants. The modelling accuracy is excellent, especially for larger yield stress, of which the accuracy is more important. Hence, the proposed SID model can provide a simple, generic and efficient tool to obtain the required input current, so as to vary the magnetic field inside the MR damper and hence provide the desired damper force.
Bouc-Wen Hysteresis Model
Although the Bingham plasticity model is useful and easily implemented, it is not sufficient to describe the dynamic behaviour of the MR dampers. Spencer et al. [20] proposed a mechanical model for MR dampers based on the Bouc-Wen hysteresis model [21] . In this model, the total damper force F is given by
where z and y are governed by (18) in which x is the displacement of the damper; y is the internal pseudo-displacement of the damper; z is the evolutionary variable that portray the hysteretic behaviour of the damper; k 1 is the accumulator stiffness; c 0 is the viscous damping at large velocities; c 1 is the viscous damping for force roll-off at low velocities; k 0 is the stiffness at large velocities; and x 0 is the initial displacement of the spring k 1 ; α is the evolutionary coefficient; and β,γ, n and A are the shape parameters of the hysteresis loops.
Spencer [22] showed that the upper bound of the evolutionary variable z, that is the ultimate hysteretic
As the stiffness forces of the MR damper are small, for simplicity, they may be neglected as in the following derivation. Substituting Equation (19) into Equation (18) and then into Equation (16) It is emphasized that, because of the above approximation, errors exist in the pre-yielding part in the force-velocity graph (when the velocity is small). However, higher accuracy can be achieved for larger damper force, which is more important for an inverse dynamics model.
Piston Velocity Feedback (PVF) Algorithm
is realizable, that is it satisfies the passivity and limitation constraints described in Section 2.1, then the optimal input current ) (t i may be calculated as follows
The input current is expected to vary continuously with time, and hence the above approximation only affects the accuracy of the viscous force coefficient (gradient of the post-yielding part of force-velocity graph). In fact, since the gradient would not vary very much in a short time interval as the current is continuously changing, the approximation of
is considered sufficiently accurate when 0 → ∆t . By using the above approximation, the optimal yield force can be calculated as
which is expected to be bounded by
Due to the complexity of the function ) (t F τ , large computational effort must be expended in order to obtain the optimal input current. Hence, another functional form of ) (t F τ has to be developed. As ) (t F τ is the force component that is mainly varied with the fluid yield stress, the same form of exponential function is proposed herein for
where k 4 , k 5 and k 6 are constants. Similar to the case of modelling yield stress [refer Equation (15) ], different configurations of MR dampers would result in different parameters (k 4 , k 5 and k 6 ) in Equation (24) . The comparison between the proposed model and the experimental results for large-scale MR dampers [19] has been shown in Figures 2(c) and 2(d). The modelling accuracy is similar to the case of modelling yield stress, with higher accuracy for larger yield force. It is observed that the exponent is the same in modelling yield stress (k 3 ) and yield force (k 6 ), for the same damper, implying that the curvatures of the two relationships are the same. This finding can further verify the appropriateness of extending the proposed yield stress modelling of Equation (15) to yield force modelling of Equation (24) . (15) and (24)], as an alternative to model the MR fluid yield stress and the controllable yield force of MR damper.
Hence, it can then be employed for the development of SID model for Bouc-Wen Hysteresis Model.
Substituting Equation (24) into Equation (23), the general SID model for obtaining the optimal input current ) (t i
Damper Force Feedback (DFF) Algorithm
In Equation (25), ) ( t F η is required for obtaining the optimal input current i(t), and hence the piston velocity is required. As discussed above, an alternative procedure employing damper force feedback (DFF) would be more straightforward to implement.
And substituting Equation (24) into Equation (26) and then into Equation (25), gives
Structure-damper-brace System Model
For frame structures, one feasible way to implement MR dampers is to place them between the chevron brace and the floor diaphragm, as shown in Figure 3(a) . Xu et al. [16] derived a mathematical model for the damper-chevron brace system, giving consideration to the stiffness of the chevron brace. In considering the damper and the chevron brace as a damper and spring connected in series [ Figure 3(b) ], the spring force in the brace is equal to the force on the piston of the damper, and hence
where x j is the displacement of j th floor, d j is the piston displacement at j th floor and K Bj is the horizontal stiffness of the chevron brace at j th floor.
The equations of motion for an N-degree-of-freedom frame structure with m dampers subjected to Equations (28) and (29) can be rewritten in the state-space form as
LQR Optimal Force Control
The LQR algorithm has been employed both for active control [13] and for semi-active control [24] .
Using this algorithm, the optimal control force { } 
Upon substituting Equation (33) into Equation (30), the behaviour of the optimally controlled structure is described by (closed-loop system).
Numerical Simulations
In this section, the effectiveness of force tracking using SID model has been demonstrated through a The structural damping ratio is assumed to be 1% of critical (lightly damped) and Rayleigh damping is assumed. The ratio of the chevron brace horizontal stiffness to the structure horizontal stiffness has been selected as three. The weighting matrix for structural response has been defined as for Simulation 1 (39b)
[R] = 4×10 -12 for Simulation 2 (39c)
[R] = 6×10 -12 for Simulation 3 (39d)
The integration time step has been set as 0.002 s, which is sufficiently small to minimize the integration error, while the sampling time step has been set as 0.02 s.
Bingham Plasticity Model
A numerical simulation employing the Bingham plasticity model has been demonstrated using the model parameters provided in Yang et al. [11] . A summary of the model parameters has been given in Table I . Furthermore, another way to investigate the effectiveness of force tracking when employing the proposed SID model is to compare the peak response reduction between active and semi-active control using MR damper, as given in Table II . As the active control forces are exactly the optimal control forces that the MR damper is intended to produce, the close values of the response reduction between the two cases indicate very good force tracking when employing the SID model.
PVF Algorithm
On the other hand, the displacement and acceleration time histories of uncontrolled and semi-actively controlled cases for the first and third floors have been shown in Figures 6 and 7 , respectively.
DFF Algorithm
Similar to the previous section, Figure 8 (a) shows that the force tracking employing the DFF algorithm is also very good. The force tracking error is shown in Figure 8 (b), with somewhat larger error in comparison with the PVF algorithm. It is noted that the variation of MR fluid yield stress is very similar to that using PVF algorithm, so, such figure has not been shown for this case. Moreover, the effectiveness of response (displacement, velocity and acceleration) reductions using the DFF algorithm is also very similar to those using the PVF algorithm.
Bouc-Wen Hysteresis Model
For the large-scale 20-ton MR damper developed in Ref. [11] , the functional dependence of the Table III . It is noted that the form of these three equations is only the assumption made in Ref. [11] , for capturing the properties of the MR fluid used in their study, whilst different assumptions can be made, such as in Ref. [23] . Hence, this would not restrict the application of the SID model developed in this study.
The relationship between the viscous force coefficient and the input current has been shown in Figure 9 .
It is observed that the viscous force coefficient varies smoothly with the input current; especially when the input current is greater than 0.5 A. Hence, the simplification made in Equation (22) is considered to be sufficiently accurate, as the input current is expected to vary continuously with time.
It is noted that there is an obvious decrease of the viscous force coefficient with the increase of input current for small input current (< 0.1 A). By investigating Equation (22), the viscous force coefficient is a function of c 0 and c 1 [Equations (40b) and (40c)], which were determined individually by optimal identification by Yang et al. [11] . The negative values of the coefficient c 1 computed for input current smaller than 0.057 A would account for the decrease of the viscous force coefficient for small input current.
Regarding the relationship between the yield force and the input current, the proposed exponential function has been obtained for this large-scale MR damper, wherein k 4 and k 5 It is seen in Figure 10 that the proposed exponential function [Equation (41) [Equation (21)], whilst higher accuracy within the region of larger yield force is imposed. The latter feature is especially important for an inverse dynamics model. It is noted that, for better fitting, the optimal input current has been set to zero when the calculated value is less than 0.1A.
By Equation (25) and Equation (27), the SID model becomes (27) and (43) Figure 11 (a) shows good tracking of the optimal control force. A discrepancy, similar to the Bingham model, can be expected when the optimal control force is smaller than the off-state force. The input current variation and the force tracking error have further been shown in Figures 11(b) and 11(c) , respectively. It is expected that the tracking error is larger when the input current is zero, and hence a higher degree of accuracy can be obtained for larger damper force.
On the other hand, the comparison of peak response reduction between active and semi-active control using MR damper has been presented in Table IV . The close values of the peak response reduction between the two cases indicate very good force tracking when employing the proposed SID model.
Further comparison of response reduction with other energy dissipation systems has been done here. The first one is a control system with an actuator providing a constant force of 70 kN, which is determined based on the time-average optimal force calculated for the active and semi-active control systems [refers the optimal force time history as shown in Figure 11(a) ]. The second one is a passive control system with a linear viscous damper, connected between the ground and the first floor, designed to give a damping ratio of about 20 % of critical. The displacement and acceleration time histories, together with the uncontrolled and semi-actively controlled cases for the first and third floors have been presented in Figures 12 and 13 , respectively. The peak response reduction ratio of the two additional energy dissipation systems has been presented in Table V. Simulation 2 is the 1994 Northridge earthquake ground excitation, with ground motion amplitude multiplied by four, so as to achieve a PGA of around 0.4 g. Figure 14 (a) shows excellent force tracking, whilst input current variation and force tracking error have also been shown in Figures 14(b) and 14(c) , respectively. Finally, Simulation 3 is the 1940 El Centro earthquake ground motion, with ground motion amplitude multiplied by three, in order to achieve a PGA of 0.6 g. Figures 15(a) -15(c) show, respectively, the force tracking, input current variation and force tracking error. The peak response reduction ratio of the two simulations has been presented in Table VI. The results presented above have shown that the proposed SID model is a simple, yet powerful, tool to emulate the optimal control force. The generic nature of SID model has been verified by its applications to different earthquake scenario of different frequency contents, and also to a wide range of ground shaking intensity, with PGA from 0.2 to 0.6 g. The effectiveness of response reduction using MR fluid damper with SID model has been shown to be almost identical to the case of active control, which is undoubtedly much better than other passive dissipation system or an actuator producing a constant control force.
Conclusions
In this study, simplified inverse dynamics (SID) models for MR fluid dampers have been developed with respect to both the Bingham plasticity model and the Bouc-Wen hysteresis model, based mainly on time-continuity properties. SID models are employed to obtain the optimal input current for the MR fluid damper, in order to emulate the optimal force. For the Bingham plasticity model, the proposed SID model is primarily used to calculate the optimal fluid yield stress. Together with the proposed exponential relationship between the MR fluid yield stress and the input current, the desirable control forces obtained from any optimal control algorithms can be realised. Regarding the Bouc-Wen hysteresis model, the optimal input current could be obtained using the proposed SID model, with the proposed exponential function for the controllable yield force of the MR damper. The generic nature of the two proposed exponential functions have been explicitly demonstrated.
For each model, the piston velocity feedback (PVF) algorithm and damper force feedback (DFF) algorithm have been formulated. The effectiveness of force tracking using SID model has been evaluated through a series of numerical simulations. A multi-storey frame structure with MR damper-brace systems, using a large-scale 20-ton MR damper, has been adopted. Numerical results show that the MR damper can produce forces very close to the optimal control force and the response reduction is very close to the case of fully active control. It has been shown that the proposed SID model is a simple, yet powerful, tool to emulate the optimal control force, yet consuming little computational effort. The generic nature of SID model has been verified by its applications to different frequency contents, and also to a wide range of ground shaking intensity. The effectiveness of response reduction using MR fluid damper with SID model has been shown to be almost identical to the case of active control.
As mentioned in the introductory section, MR fluids can reversibly change from free flowing, linear viscous liquids to semi-solids having a controllable yield strength, when exposed to a magnetic field.
Hence, a time delay should be expected between the instant that a decision is made to develop a certain current computed by SID model, to developing the current, and finally to developing the desired damping force. To improve the response time, Ref. [19] has proposed a back-driven current approach, and experimentally shown to be effective. The back-driven current strategy is activated when the desired force is not dissipative and the error between the measured and desired forces is large. This technique can forcibly reduce the magnetic field by applying a negative current, and hence, the damper response can be improved significantly. It has been shown that the use of the back-driven current approach requires less than 0.1 sec to command the damper force from 158.5 kN to the off-state force of 7.85 kN, whilst a full second is required if no back-driven current is applied. Further details can be obtained in Ref. [19] . [19] ; (e) Controllable yield force of small-scale MR damper [23] . Figure 3(a) . Schematic diagram of a three-storey building model with damper-brace system [16] . # Positive values indicate better performance under active control than by semi-active control. 
